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Introduction to discrete calculus

When we consider that all the algebraic operations are mod p, p-a prime
number, the set of integers {0, 1,...,p — 1} form a commutative group with
respect to summation and {1,...,p — 1} form a group with respect to multi-

plication.
a) a-b=ce Z,
b) exists a e neutral element a-e =¢-a = a,
c) For any a exists inverse elements a™* :a-a ! =a"'-a=e,

where - means summation or multiplication. Such structure is called an

algebraic field, which in this case coincides with Z,, .
Let us consider a finite (p-)dimensional Hilbert space H and choose {|n)} as
an orthogonal basis, here n = 0, ..., p — 1. T'wo basic operators X and Z are

introduced as

Ziny = wln)ln) — Z= 3 wn)ninl,

p—1
X[ny=|n+1) — X=> |n+1)(n],.
n=0
where
p—1
2mi
w=er, wn)=uw", w(nk) = piy.o.
n=0



Due to the above definitions it is easy to see that
ZXn) =wn+1)|n+1), XZn)=w(n)n+1),

so that
ZX =wXZ,

and {Z, X} form the so-called "generalized Pauli group". It is clear that
4P = XP =1, i.e. X, Z are cyclic operators.
There exists another (dual) basis {|n)} where Z acts displacing by one
any basis state o
Zlny = |n+1). (1)

In order to get an explicit expression for the states |n) in terms of the basis

{In)}, we will write
p—1
i)=Y anilk)
=0

and applying Z is possible to find an equation for the coeficients a,, j, this
application is obvious

Zln)y =} w(k)anklk)

and the expansion of the right-hand side of (1) is rewritten as

1) = ansixlk),

obtaining the equation a1 = w(k)a, . The solution has the form a, , =
cw(nk), getting the value of ¢ from the normalization condition

p—1
1
=c)Y wnk)lk) = (nn)=1—-c=—.
x 7
The operator which maps from the basis |n) into the dual basis |n),
) = Fln), (2)

is the finite Fourier transform
1 2=
F=— w(nk)n) (k|
2,
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and it satisfies the unitarity property FF! = F1F = 1.
When p # 2 the square of this operator is

-1 p—1

Z B+ KD = 31— ) (k] = P,

k

%I'—‘

here P is the parity operator, which leads to
Ft=pP2=1, (3)

otherwise (p = 2) F? = 1.

Here, the abcence of the parity operator is a consequence of a structural
difference between p = 2 and odd primes. This difference will appear several
times from now on along the whole articule, we will point out whenever it
needs.

The action of X in the dual basis is

! Zw n)|k) = w* ()7},

i.e. the operator X is diagonal is diagonal in the dual basis |n) and its eigen-
values are related to the eigenvalues of the Z operator through conjugation.
Using (2) we can find the relation between X and Z via the finite Fourier
transform, let us consider the odd prime case, firstly,

[asry

p—

X = FY w(=n)n)(n|F

(]

n

Il
7 <
—

= FPY wn)n)(n|PFT,

n

Il
=)

considering (3)
X =FZF (4)

Due to both w(—n) = w(n) and F? = I when p = 2, the result (4) has the
same form for all the primes.
The operators Z and X satisfy the following important properties:



Tr(X"X"™) = pSpn,  Tr(Z"Z"™) = pdpn,  Tr(Z"X™) = POmodno-

The collection of operators D(«, 5) = ¢(«, ﬂ)ZAO‘XfB, where ¢ is a phase,
form an operational basis in H and any operator f can be expanded as

f=" fasDla,p). ()

These operators are orthogonal
Tr (D(ev, B) D' (e, B)) = pbaadpp,

helped with this property, the coeficients in (5) can be found as
1 .
fop = T (FD'(e )

This means that we can map f € Op(H) into f, 3 which is a function of
discrete variables defined on a discrete 2-dim space M. The coordinates («, /3)
in M are given by the powers of Z and X, respectively. Due to the periodicity
of Z and X the space M is diffeomorphic to a bidimensional discrete torus.
The action of the operator D(a/, ') on an arbitrary point (o, 3) on the
manifold is just the displacement (a + o/, 3+ /'), for this reason D(a/, 3') is
called a displacement operator.

To ilustrate how this mapping is performed let us get the discrete repre-
sentation of |k), it is

k) (k| < fap(k) = %Tr [|k)(k| D (e, B)] =
1 *
= 1;¢ (@, B)w(=ka)dso,

as a disadvantage of that result is its non-reality.
A problem which arises using (5) is that it is not covariant under the
application of the displacement operator

F= DLV D (1 8) = 3 fapel(5y — ad)Dla, B)

a,3=0
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But it is easy to solve and a covariant operator is given by the following

construction
p—1

Aa,B) = = 3 w(ad = B7)D(3,0), (6)

7,6=0

this operator also satisfies an orthogonality relation
Tr (A(OL, ﬁ)AT(O/, ﬁ,)) = p(sa’aléﬁﬁl.

It means that (6) (which we will call kernel) forms an operational basis, as
well,

p—1

f= 3 WileHA@B) < Wia ) = T (Fa@.8). ()

a,3=0
Let us impose the condition fT « Wi (a, ) so

p—1

=3 Wi(a,B)AN (. 8)

O‘vﬁZO

therefore A = Af, i.e. A has to be a Hermitian operator. This also gives us
a phase condition

1 5

> w(ad — By)d"(—y, —8)w(—70) 27X,

7,6=0

Af =

(=7, —6)w(—=70) = ¢(7,0). (8)

A particular solution of (8) is

d(7,0) = w(—27"170),

for odd primes and, for p = 2,
-
¢y, 0) = (i)
As we asked before for, this operator is covariant

D(p, v)A(a 8)D' (1,v) = Alar+ 1, B + ).
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The obvious consecuence of the covariance property, and the motivation be-
hind, is that the symbol of a transformed operator

f=D(u,v)fDi(u,v),

has the form

1
Wila, ) = y;Tr(D(M,V)fDT(u,V)A(a,B))
= Wf(a_l%ﬁ—’/)'
The normalization condition for (6) is immediately obtained

TrA(a,B) = - 37 wlad - 18)6(r. ) THZ'X?) = 1

7,6=0

because ¢(0,0) = 1 for any prime p. This result leads to

Trf = Z We(a, ).

a,B=0
Note that if
p—1
f: Z fOé,BD(aaﬁ)a
a,3=0

then the symbol of the operator f can be obtained using the coeficients of
the operational expansion

Wi(a, ) — ]%Z FuuTr (D, 1) A, ) (9)
w,v=0
= Z fupw(—av + Bu).
p,v=0

The trace condition for the multiplication of two given operators is

Tl"(fg) =p Z Wf(a>B)Wg(04’6)'

a,B5=0



A convenient representation of (6) for several calculations is

Afa, ) = ZD 8)D'(a, B).

As an interesting property of the displacement operator we can point out that
the equally weighted summation over the whole set of themselves results in
the parity operator

p—1
2D
~,0=0
this result is obtained for p # 2, actually.

To get a better idea about the Wigner function let us see two examples.
The Wigner fuction corresponding to the state |n) has the form

[y

p—1

3

w((k+2710)y)|k + 0) (k| = P,
0

a~E N
’BlH
>,
Il

k=0 ~,

122
Winym = » Z w(ad — By)Tr (|k) (k[ D(v, 6))
6=0
1 =
=5 w(ad — B7)o(7, 0)w(ny)dso = p.n;
~v,0=0

it is the line 8 = n. The second example is the symbol corresponding to Z,

p—1
Wy — }0 3" wlad — By)Te(ZD(7,0))
~,0=0

= ) w(ad = B7)d500,,1 = w(B),
~,0=0

this symbol depends only on £.

Discrete phase space geometry

In the discrete space Z, x Z, can be introduced the concept of line in a
similar way as in the continuous plane case, so all the points (a, 5) € Z, x Z,
which satisfy the equation



a4+ bp = ¢,

where a, b, c € Z, are fixed, form a line. Moreover, two lines

ax+bB = ¢
da+Vp =

with given a,b,c,a’, V', € Z,, are called parallel if they have no common
points and it implies the relation among the coefficients
b v
—=— —bd =al.
a a
Also, if the lines are not parallel they cross each other in a single point and
its coordinates are
d—bb e d—dale
o = ; /6 = .
a —abb-1 v —aalb
It is called ray a line which pass over the origin and its equation has the form
6=ma, or a=0.

Of course, there are p— 1 parallel lines to each one of the p+ 1 rays, therefore
the total number of lines is p(p+1). The collection of p parallel lines is called
foliation.

Displacement in the discrete phase space

Consider a ray Ap,: f = ma (or a = 0): (o,ma) or (0,3) and let us
label D(a, ) using the points of this ray: D(a, ma) or D(0, 3). Observe that
[D(a, ma), D(a/,ma’)] = 0, i.e. the displacement operators corresponding to
the same ray commute. Let us associate the ray A,, with the eigenstates of
D(a, mar), m is fixed.

To show how these operators are, the Z3 case is written explicitly for all
the possible rays

=0 — Z,7°
B=a — ZX,7°X>
=20 — ZX* 7°X*
a=0 — X, X%



The set {Z*X™*} with fixed m has p different eigenvectors |}, it
means

D, ma)[,) = em|40),

where [ ) is the state associated with the ray \,,. Let us define D(v, §)[° )
|W,,,), observe that

D(a,ma)|¥,,) = w(ad —may)emD(v,8)[ys,)
= w(a(d —my))en|T,,),

this means that |¥,,) is an eigenstate of D(a, ma) with eigenvalue w(na)en,
here n = 0 — m~y. So, there are p displacement operators D(vy, my + n) for
which w(na) has the same value because m and n are fixed. This displacement
operator can be divided into two parts, the first one is the displacement
operator associated with some ray and the second one corresponds to X",

D(y,my +n) = w(=2"yn) D(vy, my) X"

Note that the operators D(vy, m7y + n) are labeled with all the points in the
line 8 = ma + n, which is parallel to the ray 5 = ma. Now, we can define
the state

[Um) = X" [vm),
we already know that the state |/2,) is put in correspondence to the ray
B = ma, while |17 is associated with the line § = ma + n, the application
of the displacement operator on |¢) ) is given by (??). As an additional
property of those states we can check that the scalar product of two states
with indeces belonging to the same foliation is

WZWZ;) = 5n,n’7

i.e. they are orthonormal.

Rotations in the phase space
Let us introduce the operator V' acording to the following conditions

VZoV = pZ2 X", (10)



where ¢ is a phase factor which will be determined below and
[V, X] =0. (11)

Due to (11) V is diagonal in the basis {|7) }, it means

V=3 el @l (12)

We have to determine the coeficients c,, in order to get them, let us make
use of (12) to calculate explicitly the right-hand side of (10) in {|7)}

p—1
VZOVT = Y cuel i) (| Z2°|7) (7]
n,n'=0
p—1
- ch+a02|n+a><,ﬁ|7

n=0

with ¢g = 1. The operators at the left-hand side of (10) written in the same
basis as before have the form

p—1 p—1
70X =Z°X*) )il = w(—na)n + )@,
n=0 n=0
leading to an equation for ¢,
CntaCh = pw(—na),— |c,|* = 1. (13)

To solve this we have to separate the equation into two cases, when p # 2 a
particular solution to this equation is

cn=w(=271n%), co=p=w(-2"'a?)
and finally we can write

p—1

V=Y w2 A — VZV =w(-2"ta?) 2 X"

3
Il
o

According to that we get
szoc(vT)m — W(—Q_lm&2)ZaXma. (14)
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From the geometric point of view powers of V' generate a  component from
the point («, 0)
V™ (a,0) = (a,ma) : A\g = A,

it means that the action of V™ produces rotations from one ray to another
one.

If p = 2 the equation has no modification but because there is no 27! we
have to write the solution in a different manner

Cn1C, = pw(—n), co=1, «a=¢ ==,

and (10) reads

VZVT = 19 7 1 O. —iZX.
0 2 0 —2

Fasily, we can check that VV? = I is a cyclic group, therefore we cannot reach
(0, 8) from (v, 0). Anyhow, we already know the solution and it is performed
through the Fourier transform X® = FTZYF i.e. |n) = F|n) as it was defined
at (2).

Now, let us see the action of V' in the Hilbert space

VIyr) ~ VD(a,ma)ViIVige)
= w(=2""(m+1)a?)Zo XDy |y,

so then »
D(a, (m + 1)a)[V]¢hy,)] = w(na)e=[V]gr,)],

now we can associate the states V]! ) to the states of the foliation where
the ray 8 = (m + 1) a belongs to. As an ilustration the aplication of V2 on
the ray Ay gives
do = M 5 X,
V2

so V™ maps from the ray A into the ray \,,, for this reason it represents a
rotation.

To introduce another operator with rotation properties similar to V', let
us define two lines to be orthogonal if the states corresponding to these ones
are related via the Fourier transform

n) & Finy,
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there exists an operator U|n) = F'V|n) so its application rotates the state |n)
(dual to |n)) and transforms this rotated line into an orthogonal one. This
operator can be obtained from V' as

p—1

U=FVF' =Y c_,|n)(n, (15)

k=0

of course, UZU' = Z. The action of U on the operator X can be obtained
using the operational relation in (15) and the relation (4)

UXU'= F(VZV)IFT = o* 71X, (16)

SO
UzaxmaU’f ~ Z(lfm)oz)(moz7

and this operator changes the slope of the original ray to give another one
B:mag(l—m)ﬁzma,

this transformation also represents rotations. This formula reminds us of
the imposibility to reach the ray a = 0 through V, with U this problem
disappears but it cannot reach the ray § = 0. With both U and V we can
tranform from any ray to any other.

A general picture

Let us associate the ray Ag (it is the set of all the points (a,0)) with the
eigenstate of the operator Z%, so that all the eigenvalues are 1, it is unique
and corresponds to the ground state Z%|0) = |0). In a similar way, the states
In) = X™|0) are associated with the parallel lines § = n on the phase space.
The ray )\, < 3 = ma corresponds to the state V™|0) = [¢/°), so that
all the eigenvalues of D(a, ma) are 1. Finally, gluing last both associations,
™y = X" ) and the line 8 = ma + n is in conection.

The Wigner function of the state |1/],) is calculated quite easy. The commu-
tation between X and V allows us to treat the application of each operator
independently. The covariance property of the Wigner function gives

Wiy gl (@, 8) = Wxnpoyojxtyn (@, B)
= W, 8 —n) =dsn,
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and

1

w(ad—B7)¢(v, )w (2 my*){01Z7X°™|0) = d5,ma-
0

p

1
Wigo e, (@, B) = p

Qq
I

v,

This means that the Wigner function of [¢) ) has the form of the line g =
ma + n, precisely.

0.1. Mutually unbiased bases

When the inner product of basis elements of two different bases has the
value

Wy = L
|(¢m/\¢m>\—\/ﬁ, (17)

we say that those bases are mutually unbiased.

Here we show that the bases associated to different foliations are mutually
unbiased, and for this reason, the rotations over the discrete phase space
become an important issue in this task.

The inner product (17) can be rewritten as

IVH™ (X X" V™ |0) (18)

due to V and X commute, and as a consequence, their powers, as well, the
above equation gets the form

3
L

OIX™ V™ =m0y = e ™ (n — n/[k) (k|0),
0

B
Il

considering that (n — n/|k) = w(k(n — n'))//p and (k|0) = 1//p, (18) gets
the form

OIVH™ (X X" V™ |0) = Z (k(n —n)).

Let us introduce the definition
\IJ%T;;,_ZC’” “Mw(k(n —n'))
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the square of the absolute value of ¥!"" , can be calculated easily

L Z e (s — 1) (n — ),

k,k'=

changing the index & — k' = [, the above formula is rewritten as

p—1
> e T mw(ln — ),

k' =0
substituting (13)
p—1
Y " e (=K (m = m))w(l(n —n')
k! =0

{ p 5n n' m=m'
pY @ (Dwll(n — )b m#m!
giving the two possible results

Lignat o [ By m=m
2 Ly m A

the first one corresponds to the inner product of states belonging to the same
foliation, i.e. same basis, and in the second one we can observe that different

foliations correspond to different mutually unbiased bases (MU B).

Reconstruction procedure

Let us calculate the average of the density matrix on the state corre-

sponding to the line f = ma +n
(@mlplh) = (O[(VH™(XT)"pX"V™(0),

using the expansion (7) for the density matrix and applying (14) we rewrite

the above expression as

p—1
—ZWp, pré—qv w(—=27"9)
pqO v,6=

w(=2" Imey? )<n|Z7X‘S ™ |n),
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as we have done before, we are considering the odd prime case. Taking into

account that
(n|Z7X°7™ ) = w (7) Omys

and after few algebra we get

A3
L

}9 Z w((mp — g) 7w ()

ﬁ
o

= E : qmp+n

This means that
¢ ’p’¢ Z W 5ﬂ,ma+m
a,3=0

which is a general requirement for the Wigner function. It still needs to be
proved the same result for the line o = 0, it can be done using the dual basis

{lpll) = (UFpF|l)

= 3 Wl H) Y wlad — )6 1X7Z ),

a,B 0 ~,6=0

after few algebra, the average value is

{|p|l) = Z W (o

a,3=0

The summation of the values of the Wigner function along a line gives the
probability that the system will be found to be in the state associated to this
line, indeed.

Let us call the average (¢ |p|Yr) = f(m,n) tomogram, and recall that

15
Z W, 8)08matn = —ZW(a,ma—l—n)
a[g’ 0 p a=0
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applying the relation (9) to the density matrix, the right-hand side of the
above formula is changed into

p—1 p—1
!/ /
§ pm’,n’w(nm >6n',mm' = E : pm’,m’mw(nm )7
m/ n'=0 =0

finally,
p—1
f(m,n) = Z Pont @ ().
m/=0

Written in this form it is now possible to invert the formula in order to get
the elements of the density matrix. Multiplying both sides of (??7) by w (—nk)
and adding over the whole set Z,

p—1 p—1 p—1
Z Pt @ (n(m/ —k)) = p Z Pont i Oms ke = Z f(m,n)w(—=kn), (19)
m/=0 n=0

m’ ,n=0

we get the desired elements

18-
pk,km = ]_9 Z f(ma N)W(—le)7
n=0

or, changing the second index, in another form

152
Pri = 5Zf<lk 17n)w(_kn)7
n=0

with k # 0. Following this recipe almost all the elements of the density matrix
can be reconstructed, the elements 3,, are not reached.
To reconstruct 3, we have to measure the element

N 1 Pt
) = (lell) = QUF'pFI) = = > W(a B)da
a,3=0
applying (9) and after few algebra
p—1
f{)= Z Po,n'W(_l”,)§
n’=0
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following a similar procedure than above (19) we obtain the left elements

p—1

Pon = %Z f(k)w(kn).

k=0

This procedure allows us to get the complete density matrix information from
different averages which are available due to some experiments.

17



