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Overview
I Part 1: Introduction and simple cases

I Basic definitions
I Review of the uncertainty relation
I Intelligence
I Applications

I Part 2: Angular momentum intelligent states
I Introduction and basic properties
I A mathematical interlude
I The method of Lavoie
I The method of Rashid

I Part 3: Squeezing in angular momentum intelligent states.
I x and p squeezing
I What is spin squeezing
I Some results and examples

I Part 4: SU(1, 1) intelligent states
I An associated Schrödinger problem
I SU(1, 1) coupling
I Some results

I Summary
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x and p squeezing: gravitational wave detection

I The current gravitational wave detectors are based on
squeezing of quantized EM fields.

I Quantization of EM field results in harmonic oscillator–like
Hamiltonian,

I Squeezing of EM field is same as harmonic oscillator
squeezing in x and p.
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Time evolution of ∆x and ∆p
I The harmonic oscillator squeezed states are not eigenstates of

the Hamiltonian.
I ∆x and ∆p depend on time.

Figure: ∆x and ∆p as a function of time. From: Richard W. Henry and
Sharon C. Glotzer, Am. J. Phys. 56 (1988) 318
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Polarization squeezing



Angular momentum
intelligent states

Introduction:
squeezing and spin
squeezing

Definition

Example: squeezing x

Squeezing in angular
momentum states

Definition

Defining squeezing on
the sphere

Squeezing in intelligent
states

Squeezing plots

Trends

Examples

Coherent state

Intelligent state with
`A = 7, `B = 2

Intelligent state with
`A = 5, `B = 4

Intelligent state with
`A = 9/2, `B =
9/2

A physical model?

Summary

Squeezing: an operational definition

How to define squeezing.

I Given:
I Two observables Â and B̂ with [Â, B̂] 6= 0,
I A reference state |ψ〉ref,
I Compute (∆A)ref
I Use this value as reference value, or “standard quantum

limit”.

I Given an arbitrary state |φ〉:
I Compute (∆A)φ.
I If (∆A)φ < (∆A)ref, |φ〉 is squeezed.

I The concept is most useful when |ψ〉ref is experimentally or
theoretically interesting.
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Squeezing in harmonic oscillator states

I Take |ψ〉ref = |0〉, the harmonic oscillator ground state.

I (∆x)2
SQL = (∆p)2

SQL = 1
2 (in suitable units).

I Alternatively: (∆x)2
SQL = 1

2 |〈[x̂ , p̂]〉]| (in suitable units)

I Squeezing occurs when (∆x)2
< 1

2 |〈[x̂ , p̂]〉]|.
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Squeezing in harmonic oscillator states

I Consider
|χ〉 = eiχ(â†â†−ââ)|0〉 (1)

I Using BCH, we get:

eiχ(â†â†−ââ) x̂ eiχ(â†â†−ââ) = eχx̂ (2)

I Thus

〈χ|x̂ |χ〉 = eχ〈0|x̂ |0〉 = 0 , 〈χ|x̂2|χ〉 = 1
2e2χ . (3)

I Hence
(∆x)2

χ = 1
2e2χ < 1

2 |〈[x̂ , p̂]〉| (4)

for any χ < 0.
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Illustrating HO squeezing with Wigner functions

I Illustrating squeezing is best done using functions of x and p.

I Wigner function

|ψ〉 7→W (x , p) =
1

2π~

∫ ∞
−∞

dξe−ipξψ∗(x− 1
2ξ)ψ(x+ 1

2ξ) (5)
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Geometric properties
A simple translation of the state should not change its squeezing
properties.

I Introduce the displacement operator

D(α) = e−i(α∗â+αâ†) , α = αr + iαi ∈ C (6)

I The displacement shifts x̂ and p̂

D(α) x̂ D†(α) = x̂ + αr , D(α) p̂ D†(α) = p̂ + αi (7)

but does not affect ∆x or ∆p.
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Geometric properties

Conclusion:

I |0〉 or D(α)|0〉 are equally good reference states.

Define |α〉 ≡ D(α)|0〉. Then:

I (∆x)2
α = (∆x)2

0 = 1
2 .

I |α〉 ≡ D(α)|0〉 is nothing but the usual harmonic oscillator
coherent state.

For the coherent state |α〉:
I (∆x)2

α = 1
2 , (∆p)2

α = 1
2 .

I (∆x)(∆p) = 1
2

I Thus |α〉 is intelligent
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Squeezing in angular momentum states

Definition:

I Select |`, `〉 as reference state.

I Introduce the “displacements on the sphere” operator

R(α, β, γ) = e−iϕL̂z e−iβL̂y e−iγL̂z (8)

and a set of equivalent reference states:

R(α, β, γ)|`, `〉 ∼ e−iϕL̂z e−iβL̂y |`, `〉
≡ |ϕ, β〉 . (9)

I |ϕ, β〉 is an angular momentum coherent state.

I |0, β〉 are the intelligent states of Lecture 2.



Angular momentum
intelligent states

Introduction:
squeezing and spin
squeezing

Definition

Example: squeezing x

Squeezing in angular
momentum states

Definition

Defining squeezing on
the sphere

Squeezing in intelligent
states

Squeezing plots

Trends

Examples

Coherent state

Intelligent state with
`A = 7, `B = 2

Intelligent state with
`A = 5, `B = 4

Intelligent state with
`A = 9/2, `B =
9/2

A physical model?

Summary

Illustrating the coherent state

To illustrate the effect of the rotation, use SU(2) Wigner function:

I Start with the Wigner kernel:

ŵ(θ, ϕ) =

√
4π

2`+ 1

2∑̀
L=0

M∑
−M

Y ∗L,M(θ, ϕ) T̂ `
L,M (10)

I Here,

T̂ `
L,M =

√
2L + 1

2`+ 1

∑̀
m,m′=`

C `,m′

`,m;L,M |`,m
′〉〈`,m| (11)

are tensor operators.

I The Wigner function is just the trace of the Wigner kernel
over the state:

W `
`a,`b

(β; θ, ϕ) = Tr
(
ŵ |ψ``a,`b (β)〉〈ψ``a,`b (β)|

)
(12)
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Illustrating the coherent state

A “displacement on the sphere” does not induce any squeezing of
the state.
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Defining squeezing on the sphere
Naive definition:

I Choose |`, `〉 as reference state.

I Then

(∆Lx)2 = 1
2 |〈L̂z〉| = 1

2`, (∆Ly )2 = 1
2 |〈L̂z〉| = 1

2` (13)

I Squeezing occurs when (∆Lx)2 = 1
2 |〈L̂z〉| .

Difficulties:

I Choose an equivalent reference state like |β〉 = e−iβL̂y |`, `〉

I This state is just a rotated version of |`, `〉 but...

I (∆Lx)2
< 1

2`.

Contrasts:

I With x̂ , p̂, a translation in the plane x̂ → x̂ + αi with the
constant αi not affecting ∆x .

I With L̂x , a translation on the sphere L̂x → cosβL̂x − sinβL̂y ,
not a constant.
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Defining squeezing on the sphere

I Define ẑ ′ as the direction of (〈L̂x〉, 〈L̂y 〉, 〈L̂z〉)
I L̂z′ = eiβL̂y L̂ze−iβL̂y is along ẑ ′.

I L̂x′ = eiβL̂y L̂xe−iβL̂y is along x̂ ′.

I (∆Lx′)
2
SQL = 1

2 |〈[L̂x′ , L̂y ′ ]〉|.
I This makes (∆Lx′)

2
< (∆Lx′)

2
SQL independent of rotations on

the sphere.
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Defining squeezing on the sphere

Issues with the use of Wigner functions:

Figure: Left: squeezed state. Right: not squeezed
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Squeezing plots

I Select a (normalized) angular momentum intelligent state

|ψ``A,`B (β)〉 =
∑
m

κ`,m`A,`B (β)|`,m〉 (14)

I Compute (∆Lx′)
2 and 1

2 |〈L̂z′〉|.
I Using `A = 9/2, `B = 5/2, ` = 7, we obtain:
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Squeezing plots

For `A = 9/2, `B = 5/2, ` = 7:

I There is some squeezing in |ψ7
9/2,5/2(β)〉 for the range

0 < β ≤ 1.43.
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Trends

For angular momentum intelligent states |ψ``A,`B (α)〉:
I For `B = 0, we have ` = `A. The state |ψ``,0(α)〉 is a coherent

state and by definition never squeezed.

I For `B 6= 0, there is always some range of β for which there is
squeezing, and a range for which there is no squeezing.

I The range of β for which there is squeezing increases with
increasing `B and decreasing `A = `− `B until `B = `A or
`B = `A − 1

2
.

I With `B = `A, squeezing occurs for every value of β. The
state |ψ``/2,`2

(β)〉 is “anticoherent”.
I When `B > `A, the results are those of the `A > `B case

provided `B → `A, `A → `B .
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The angular momentum coherent states

Main features:

I By definition, coherent states are never squeezed.

I Rotating a coherent state will not deform the Wigner
function.

I Recall
|β〉 = e−iβL̂y |`, `〉 (15)

I With β = 0, we get a “North Pole” state.
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Coherent: ` = 9, β = 0
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Coherent: ` = 9, β = π/9
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Coherent: ` = 9, β = 2π/9



Angular momentum
intelligent states

Introduction:
squeezing and spin
squeezing

Definition

Example: squeezing x

Squeezing in angular
momentum states

Definition

Defining squeezing on
the sphere

Squeezing in intelligent
states

Squeezing plots

Trends

Examples

Coherent state

Intelligent state with
`A = 7, `B = 2

Intelligent state with
`A = 5, `B = 4

Intelligent state with
`A = 9/2, `B =
9/2

A physical model?

Summary

Coherent: ` = 9, β = 3π/9
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Coherent: ` = 9, β = 4π/9
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Coherent: ` = 9, β = 5π/9
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Intelligent state with `A = 7, `B = 2
Main features:

I |ψ9
7,2(α)〉 is obtained from∑

M

|9,M〉〈9,M|
[
e−iβL̂y |7, 7〉

] [
eiβL̂y |2, 2〉

]
(16)

I For β = 0, we get a “North Pole” state,

I Squeezing occurs for 0 < β ≤ 1.43
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Intelligent: `A = 7, `B = 2, β = 0.
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Intelligent: `A = 7, `B = 2, β = π/9
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Intelligent: `A = 7, `B = 2, β = 2π/9
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Intelligent: `A = 7, `B = 2, β = 3π/9
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Intelligent: `A = 7, `B = 2, β = 4π/9
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Intelligent: `A = 7, `B = 2, β = 5π/9
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Intelligent state with `A = 5, `B = 4
Main features:

I |ψ9
5,4(α)〉 is obtained from∑

M

|9,M〉〈9,M|
[
e−iβL̂y |5, 5〉

] [
eiβL̂y |4, 4〉

]
(17)

I For β = 0, we get a “North Pole” state,

I Squeezing occurs for 0 < β ≤ 1.52
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Intelligent state with `A = 9/2, `B = 9/2
Main features:

I |ψ9
9/2,9/2(α)〉 is obtained from∑

M

|9,M〉〈9,M|
[
e−iβL̂y | 92 ,

9
2 〉
] [

eiβL̂y | 92 ,
9
2 〉
]

(18)

I For β = 0, we get a “North Pole” state,
I Squeezing occurs for every β

I The state is “anti–coherent”.
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A physical model?
For a coherent state like |`A, `A〉:

I In the plane perpendicular to 〈Lz′,A〉, the components Ly ′,A

and Lx′,A are randomly distributed.

I 〈L̂x′〉 = 〈L̂y ′〉 = 0.
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A physical model?

Put this together with a rotated coherent state:
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A physical model?
The result is

I The projections of each angular momentum Lz,A and Lz,B in
the plane perpendicular to their respective axes are circles.

I The projections of each angular momentum Lz,A and Lz,B in
the plane perpendicular to the average Lz is are now ellipses,
i.e. squeezed circles.

I The vectors L̂x,A, L̂x,B L̂y ,A, L̂y ,B are no longer randomly
distributed on in the plane perpendicular to 〈Lz〉.

I Explains why there is squeezing for small β, but not why
squeezing disappears near β ≈ π/2.
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Summary

Summary:

I Coherent states are usual reference states to establish a
standard quantum limit. Thus, coherent states are never
squeezed.

I Because coherent states are “displacements” of some
reference ket, a careful analysis is required to define squeezing
so it does not depend on such displacements.

I One must establish a local vertical and a resulting system of
axes using the vector 〈~L〉.

I One must measure average values and fluctuations of
observables defined relative to this new set of axes.

I Every angular momentum intelligent state (except the angular
momentum coherent state) has a regime over which there is
squeezing.

I For angular momentum intelligent states, squeezing is difficult
to visualize using Wigner distributions.

I A simple but comprehensive model of squeezing remains
elusive.
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